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A multiplier theorem in (J. Combinatorial Theory Ser. A, in press) is extended to 
cyclic group divisible difference sets (GDDSs) of small size. A multiplier theorem 
for abelian difference sets in (Proc. Amer. Math. Sot. 68 (1978), 375-379) is 
extended to abelian GDDSs. A remark on the existence of cyclic affrne planes is 
made based on a previously proved multiplier theorem. 
Throughout, G denotes a group of order u, written additively. Let D be a 
subset of G. A multiplier of D is defined as an integer t such that g.c.d. 
(t, V) = 1 and tD is equal to a translate of D, i.e., D + g for some g E G. A 
group divisible difference set (GDDS) is a subset D of G such that there 
exists a normal subgroup H of G and nonnegative integers A, and A2 so that 
for any nonzero element g of G, 1 D CI (g + D)l = b, if g is in H and =A, if g 
is not in H. Such a GDDS is said to have parameters (m, n; k; A,, AZ), or is 
called an (m, n; k; A,, I,)-GDDS, if ID] = k and H has index m and order n 
in G. A multiplier of a subset of G may be identified as an element of Z,. 
Following the definitions and notations introduced in [4], we define 
MFIX(D) = {t E Z, 1 tD = D} and let MOD(f, j) be the smallest nonnegative 
integer z such that j divides i - z, where i and j are integers, j + 0. 
Note that a theorem proved by McFarland and Rice can be easily 
extended to the following form: 
THEOREM 1. Let D be a nonempty subset of an abelian group G of order 
v. Suppose that D + x # D for any nonzero element x of G and there exist 
multipliers t 1 , t, ,..., e t of D such that g.c.d. (t, - 1, t, - l,..., t, - 1, u) = 1. 
Then there exists a unique translate of D which is fixed by all multipliers. 
Proof. See [6]. 
The theorem is applicable to every regular GDDS [4] of any abelian 
group because for such a GDDS, say D, D + x #D for any nonzero element 
x of the group. 
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THEOREM 2. Zf D is an (m,n;k;O, l)-GDDS of Z,, k>2, (m,n,k)# 
(21, 1,5), and v = mn is either odd or equal to k2 - 1, then M,,,(D) is a 
(0, 1 I-d@erence set of Z,, i.e., there exist no elements t, , t2, t,, t, of 
M,,,(D) such that in L,, t, - t, = t, - t, but t, # tz and t, # t,. 
ProoJ The theorem has been proved under the stronger condition that 
k > 22 [4, Theorem 6.21. Given the hypothesis, it is known 14, 51 that 
(1) k(k- l)=n(m- l), 
(2) 2<k<m- 1, 
(3) if mn is even, then m=k+ 1 and n=k- 1. 
All possible positive integer values of m, n and k which satisfy (l), (2) and 
(3) with 2 < k < 21 are listed in Table 1. Let us call the triple (m, n, k) bad if 
no such a GDDS D exists. From [4] and Theorem 1, we know that 
(A) an integer t is a multiplier of D if t is relatively prime to v and either 
(i) n > 2 and t divides k or (ii) n = 1 but t divides k - 1. In this case, if g.c.d. 
TABLE 1 
All Possible Triples (m, n, k) Satisfying the 
Hypothesis of Theorem 2 with k < 21 
Bad by Bad by OK by 
m n k (A)(B)(C)(D) (WE”) (G) Others Remark” 
3 1 2 
4 2 3 
7 1 3 
5 3 4 
13 1 4 
6 4 5 
21 1 5 
7 5 6 
11 3 6 
31 1 6 
8 6 7 
15 3 7 
43 1 1 
9 1 8 
57 1 8 
10 8 9 
25 3 9 
Bad 
Bad 
Bad 
Bad 
OK 
OK 
OK 
OK 
OK 
OK 
OK 
OK 
OK 
OK 
AU) 
AP(3) 
PW) 
AP(4) 
PP(3) 
? AP(5) 
? PP(4) 
PP(5) 
? AP(7) 
‘4w 
PP(7) 
AP(9) 
0 By M(q) or PP(q) we mean that the corresponding GDDS of H, generates a cyclic afflne 
plane of order q or a cyclic projective plane of order q, respectively [l, 2, 3, 41. A triple 
(m, n, k) is called OK if M,,,(D) is a (0, I)-difference set of H,, for any (m. n; k; 0, I)- 
GDDS D of E,,. 
Table continued 
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TABLE I-Continued 
m n k 
13 1 9 
11 9 10 
19 5 IO 
31 3 10 
91 1 IO 
12 10 11 
23 5 11 
111 1 11 
13 11 12 
45 3 12 
133 1 12 
14 12 13 
53 3 13 
1.57 1 13 
15 13 14 
21 7 14 
f83 1 14 
16 14 15 
31 7 15 
43 5 15 
71 3 15 
211 1 15 
17 15 16 
49 5 16 
81 3 16 
241 1 16 
18 16 17 
273 1 17 
19 17 18 
3.5 9 18 
103 3 18 
307 1 18 
20 18 19 
39 9 19 
115 3 19 
343 1 19 
21 19 20 
77 5 20 
381 1 20 
22 20 21 
29 15 21 
61 7 21 
85 5 21 
141 3 21 
421 1 21 
Bad by Bad by 
(A)(B)(C)(D) (EW”) 
OK by 
(G) Others Remark 
OK PW) 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
Bad 
OK PP(9) 
? AP(I 1) 
OK 
OK 
PP(l1) 
? AP(13) 
OK PP(13) 
Bad(E’. r = 3) 
OK AP(16) 
Bad@‘, r = 3) 
OK AP(17) 
OK PP(16) 
OK PP(17) 
? AP(19) 
Bad(E”. r = 5) 
OK 
Bad(E’, r = 3) 
PP(19) 
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(k, u) = 1 or g.c.d.(t - 1, v) = 1, then a translate of D is fixed by all 
multipliers and, without loss of generality, we may assume that D is fixed by 
all multipliers. 
(B) If f,, fz,..., t, E M,,,(D), then the multiplicative group generated by 
t,, t z,..., t, modulo u is contained in MFIX(D). 
(C) If there exist t,, f,, t,, I, EM,,,(D) such that 1, -t, E 1, -t, 
(mod u). then 
(C.1) for all d E D, either (ti - t2)d = 0 or (1, - f3)d 3 0 (mod u), 
(C.2) (cl - t&t1 - t3) = 0 (mod u). 
(D) If v is odd, then ---I @M,,,(D). 
Also, 
(E) if Y is a positive integer dividing U, D,,i = {d E D 1 d = i (mod r)} and 
tr.i= ID,,il for all i=O, 1,2 ,..., r- 1, then by [5] 
(E.1) Cfzd t,,i = k and Cf:d t:,i = k + v/r - u/l.c.m.(m, r). 
(E.2) Cfzd fr,itr,MOD(i+j,r) = v/r -xi for every j E { 1,2 ,..., r - I}, 
where xj = [{z E h, 1 m divides z and z =j (mod r))l. 
(E.3) If r 1 m, then 
I t,,i - k/r1 < (r - l)(kz - v)i”/r for all i. 
In particular, if r = m, then l,,i E {0, 1 j for all i. 
(E.4) If rljm and g.c.d.(r, m) = 1, then 
(t,,i - k/r[ < (r - 1) k*/‘/r for all i. 
(F) If t E M,,,(L)) and i h, + Z, is the permutation on Z, determined 
by F(i) = ti, then D is a union of orbits of Z, under the permutation group 
generated by L 
Some triples are bad by (A), (B), (C) and (D) as indicated in Table 1. 
Besides, (E) implies that 
(E’) if for some positi.ve integer r dividing v, there exist no 
simultaneous nonnegative integer solutions to (E. 1) for t,.,, , t,. , ,..., t,,,_ , , 
then (m, n, k) is bad; 
(E”) given r 1 v, if for every simultaneous nonnegative integer solution 
to @.I) for tr,o, tr,l,..., I,.,+-l, (E.2) can not be satisfied in any ordering of 
the tr,i)s, then (m, n, k) is bad. 
Some triples are found to be bad because of (E’) and (E”) as indicated in 
Table 1. For each of the remaining cases, suppose, if possible, that M,,,(D) 
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is not a (0, 1}-difference set of H,, say t,, t,, t,, t, EM,,,(D), t, f t,, t, f t, 
but t, - t, = t, - t, (mod u). Then (C.l) implies that for all d E D, either 
u/g.c.d.(t, - t,, u) divides d or v/g.c.d.(r, - t,, u) divides d, where both 
v/g.c.d.(t, -t,, Y) and v/g.c.d.(t, -t,, u) are greater than 1 and less than u. 
Let F, = u/g.c.d.(t, - t,, u), F, = u/g.c.d.(t, - t,, u), and F = g.c.d.(F,, F,). 
Case 1. F > 1. 
Then F divides d for all d E D, and so, d, - d, for all d,, d, E D. This is 
impossible because d, - d, = 1 for some d,, d, E D. 
Case 2. F= 1. 
Let p, q be primes (> 1) such that p 1 F, and q 1 F,. Then p, q are distinct 
and D = D,,, U D,,, . 
Therefore, if D # D,,, U D,,, for any two distinct prime factors p, q of u, 
then &dD) is a (0, 1 }-difference set of Z,. Recall that upper bounds for 
] D,,,j and ID,+,/ can be calculated by (E.3) and (E.4). Define 
U, = [k/r + (r - I)(k2 - u)“2/r] ifr(mbutr#m, 
ur= 1 ifr=m, 
u, = [k/r + (r - 1) k112/r] if rjrn and g.c.d.(r, m) = 1, 
where [x] means the greatest integer ,oC. Then 
(G) if u is a prime power or, u, + uq < k for any two distinct prime 
factors p, q of v, then M&D) is a (0, I}-difference set of Z,. 
Many cases can be verified by (G) as indicated in Table I. In each of the 
following cases, we prove that D # D,,, U D,,, for any prime factors p, q 
of u. 
1” . (m, n, k) = (6,4,5). 
u2 = 3 and u3 = 2. If D = D,,, U D,,, were true for some prime factors 
p, q of u, then D = D,,, U D,,, and D,,, n D,+, = 0. But k is odd, 
5 E M,,,(D) and 52 = 1 (mod 24). By (F), D has an element d such that 
5*d z d (mod 24) and so, 6 1 d. This leads to d E D,,, n D,,, # 0, a con- 
tradiction. 
2O. Cm, n, k) = C&6,7). 
u,=4 and u,=4. If D=D,,,UD,,, were true for some prime factors 
p, q of u, then D = D,,, V D3,0, ID2,,I 0, hI0 and ID2,0nD3,01 G 1. 
But it,,,, t 3,1,13,2} = (4, 2, I} by (E.l). So, [D,,,I =4 and ID,,jl = 2 for 
some j E { 1, 2). This implies that at least three elements of D,,, are odd and 
so congruent to 3 modulo 6. Besides, for i E ( 1,2}, every element of D,,i 
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must be even and so congruent to bi = (3(1 + (-)‘+ ‘)/2) + i modulo 6. 
Therefore t,,, > 3 and tGqbi = 2. This is impossible by (E. 1) with r = 6. 
3”. (m, n, k) = (12,10, 11). 
u2 = 6, uj = 4 and U, = 5. If D = D,,, U D,,, were true for some prime 
factors p, q of u, then D = D,,,U D,,,, ID,,,/ = 6 and ID,,,1 = 5. This is 
impossible by (E. 1) with r = 5. 
4O. (m, n, k) = (14, 12, 13). 
u2 = 7, u, = 6 and u, = 2. If D = D,,, U D,,, were true for some prime 
factorsp,q of v, then D=D,,,UD,,,, )D,,,1=7 and JD,,,I=6. So, every 
element of D,,, is odd and congruent to 3 modulo 6. Therefore t,,, = 6. But 
this is impossible by (E.1) with r = 6. 
50. (m, n, k) = (20, 18, 19). 
u2 = 10, u3 = 9 and u5 = 4. If D = D,,, U D,,, were true for some prime 
factors p, q of u, then D = D,,, U D3,0, ID,,,1 = 10 and ID,,, I = 9. Again, 
every element of D,,, must be odd and so t,,, = 9. But this is impossible by 
(E.1) with r= 6. 
This completes the proof of Theorem 2. 
For the case (m, n, k) = (21, 1, 5), since 2 EM,,,(D), the multiplicative 
group generated by 2 in h,, is { 1, 2, 4, 8, 16, 11) and the Euler phi function 
value of 21 is 12. Now suppose that 5 E M,,,(D) were true. Then 5 - 4 = 
2 - 1 but (5 - 4)(5 - 2) f 0 (mod 21). This is impossible by (C). Therefore 
5 . 2’& M,,,(D) for any nonnegative integer i and M,,,(D) = { 1, 2, 4, 8, 
16, 1 1 } which is not a { 0, 1 }-difference set of P,, . 
Remark. From Table 1, (m, II, k) = (25, 3, 9) is the only case which is 
not bad and generates neither an afftne plane nor a projective plane. It can 
be shown that for such a GDDS D of Z,,, M,,,(D) = (1) or { 1,49} or 
{ 1,26). Moreover, it is interesting to see that the only case that D = 
DP.0 u D,.o for some factors p, q of u is (m, n, k) = (21, 1, 5), where D = 
{3,6, 12, 7,14} or (9, 18, 15, 7, 14j. 
For D 5 Z,, let M(D) = (t I t is a multiplier of D}. 
COROLLARY 3. If D is a (q + 1, q - 1; q; 0, 1)-GDDS of if,,_, with 
q > 2, then IM(D)J divides g.c.d.(#(q + 2), 2#(q - I)), where 4 denotes the 
Euler phi function. 
Proof. See [4, Corollary 6.21. 
COROLLARY 4. Suppose q > 4 and q - 1, q + 1 are twin primes. Then 
there exist no cyclic aflne planes of order q. 
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Proof. Note that 2 1 q and g.c.d.(@(q + l), 2$(q - 1)) = 2 or 4. If there 
were a cyclic afflne plane of order q, then there would a (q f 1, q - 1; q; 
0, l)-GDDS of .Z+l, say D, and by Corollary 3, jM(D)( = 1, 2 or 4. But 
2 E M(D) and the order of 2 in the multiplicative group M(D) is at least 5 
and so lM(D)j > 5, a contradiction. 
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